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Abstract— As radio frequency interference (RFI) affects many
systems operating radio frequencies, RFI detection is essential for
excising such RFI efficiently. For this reason, here we investigate
an energy-based RFI detector for wireless communication sys-
tems suffering from RFI. For this detector, its average probability
of RFI detection is studied and approximated, and asymptotic
closed-form expressions are derived. Besides, an exact closed-
form expression for its average probability of false alarm is
derived. Monte-Carlo simulations validate the derived analytical
expressions and corroborate that the investigated energy detector
(ED) outperforms a kurtosis detector (KD)—even under the
scenario that KD intercepts the received signal for a longer
interval—and a generalized likelihood ratio test detector (GLRT).
At last, the performance of ED is also assessed using real-world
RFI contaminated data.

Index Terms— RFI detection and excision, energy detection,
performance analysis, GLRT detector, real-world data.

I. INTRODUCTION

RADIO frequency interference (RFI) can arise from either
intentional or unintentional interferers; for example, out-

of-band emissions by nearby transmitters and harmonics,
jamming, spoofing, and meaconing [1]–[6]. As a result, RFI is
becoming increasingly common in microwave radiometry [4],
radio astronomy [5], and satellite communications [7]. For
instance, global navigation satellite system (GNSS) and very
small aperture terminal (VSAT) are increasingly suffering from
RFI. In this respect, it is attested by [8] that 93% of the satel-
lite industry suffer from interference. Moreover, RFI occurs
in ultra-wideband communication systems for narrowband
interferers [9]; radar systems because of jammers [10]; and
cognitive radios for an imperfect spectrum sensing [11] and
neighboring primary users emitting RFI [12]. Such primary
users can constrain the spectrum sensing capability of an
energy detector [12].
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The state-of-the-art encompasses several RFI detectors pro-
posed for either microwave radiometry or GNSS applications.
The RFI detection techniques based on kurtosis [4], [13],
moment ratio (MR) [14], fast Fourier transforms [15], spectro-
gram and discrete Wigner-Ville distribution (DWVD) [7], and
transformed-domain [16] are the main ones. However, these
RFI detectors generally have limited applications and exhibit
a lack of sufficient analytical performance characterizations
with respect to (w.r.t.) a decision threshold.

In a mathematical context, while presuming a receiving
reference antenna, the RFI detection problem can be posed as
an adaptive radar detection problem tackled in [17]–[20] by
exchanging the RFI and the signal of interest (SOI). As the RFI
target vectors are generally unknown, nonetheless, the consid-
eration of known left and right subspaces corresponding to the
signal and/or interference makes the aforementioned detectors
hardly realistic. For the same multi-antenna setting, the RFI
detection problem can also be formulated in terms of the blind
adaptation problems of [21] or the matched subspace detection
problems of [22]; a source enumeration [23] problem of “two
sources” versus “one source”; and a rank-1 signal detection
problem [24]. Nevertheless, the blind adaptation techniques
of [21] require the knowledge of the subspaces spanned by
the SOI and RFI and the matched subspace detectors of [22]
rely on the known subspaces spanned by the SOI and/or RFI;
the two-step test of [23] cannot be adopted here, as the SOI
and RFI are not necessarily Gaussian random processes; and
[24] can not be applied here for the multi-antenna SOI channel
gains are not necessarily known and the underlying signals are
not necessarily Gaussian random processes. Considering these
reasons, further research toward a computationally simple and
practically relevant RFI detector is worth pursuing.

In an energy detector (ED), on the other hand, energy detec-
tion is performed by comparing the incoming signal energy to
a given threshold [25]. It was first used by Urkowitz [26] for
detecting unknown deterministic signals in white Gaussian
noise. Recently, ED and its variants were deployed for the
detection of unknown signals over fading channels [25],
[27], [28], spectrum sensing in cognitive radio [29]–[32],
cooperative spectrum sensing in cognitive radio networks
[33], [34], the design of ultra-wideband receivers [35], [36],
and in an integrated information and energy receiver [37].
Despite its widespread applications, the deployment and
characterization of ED for RFI detection pose challenges.
First, the distribution of the received signal when an RFI
occurs is unknown for an unknown RFI distribution. Second,
determining the average probability of RFI detection depends
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Fig. 1. The investigated energy-based RFI detector.

on the unknown distribution of the received signal which is
directly affected by several random variables (RVs).

Accordingly, this paper investigates an energy-based RFI
detector for wireless communication systems and assesses
its applicability in the context of the Very Large Array
(VLA) [38] also by conducting real-world data based sim-
ulations. At first, the detector computes the received signal
energy by exploiting the sampling theorem representation of
bandlimited signals. Thereafter, it passes a decision about
the RFI by comparing the computed energy with a decision
threshold. Specifically, the main contributions of this paper are
itemized below.

• We deploy the ED test statistic for the detection of RFI.
• Upon the reception of any kind of RFI, we show

that the energy-based decision statistic admits the non-
central chi-square distribution with 2u degrees of freedom
(DoF)—u being the time bandwidth product—and a
non-centrality parameter that depends on the signal-to-
noise ratio (SNR), the interference-to-noise ratio (INR),
the SOI, and the RFI.

• Approximated and asymptotic expressions are derived for
the average probability of RFI detection. For the average
probability of false alarm, an exact expression is derived.

• Simulations assess the performance of ED and validate
the derived expressions.

• The performance of ED is also assessed using real-world
RFI contaminated data.

Following this introduction, Sec. II describes the system
model and the investigated detection. Sec. III details the per-
formance analysis. Sec. IV and Sec. V present the simulation
results and the real-world data based simulations, respectively.
Finally, the paper conclusions and outlooks are composed in
Sec. VI.

Notation: Upper-case letters, italic letters, lower-case bold-
face letters, and upper-case boldface letters denote RVs,
the values assigned to RVs, vectors, and matrices, respectively;
�, �, ∼, →, and n! denote equal by definition, much greater
than, distributed as, approaches to, and n factorial, respec-
tively; ∗, ∂

∂x , |, Re{·}, O(·), and χ2 imply a discrete-time
convolution, partial differentiation w.r.t. x, under, real part,
the Landau notation, and chi-square, respectively; E{·}, Pr{·},
U(·), In(·), and Qu(·, ·) stand for expectation, the probability
of, the unit-step function defined via U(y ≥ 0) = 1, the nth-
order modified Bessel function of the first kind, and the
uth-order generalized Marcum Q-function, respectively; and
Γ(·), Γ(·, ·), G(·, ·), NA(·, ·), 1F1(·; ·; ·), and G·,·

·,·(·) implicate
the gamma function, the (upper) incomplete gamma func-
tion, the gamma distribution, the Nakagami-m distribution,
the special case of the generalized hypergeometric function
[39, eq. (9.14-1)], and the Meijer G-function [39, eq. (9.301)],
respectively.

II. SYSTEM MODEL AND THE

INVESTIGATED DETECTION

A. System Model

We consider a received signal downconverted to its base-
band equivalent. As shown in Fig. 1 that depicts the investi-
gated ED, we assume that the baseband signal is filtered by
the ideal noise pre-filter that has the bandwidth of the SOI.
The presumed filter not only limits the noise bandwidth
but also the bandwidth of RFI, if any [26]. To overcome
aliasing, this paper assumes that the sampling operations obey
the Nyquist sampling criterion [40]. Since the Nakagami-m
distribution offers the best fit to land-mobile, indoor-mobile
multipath propagation, and scintillating ionospheric radio links
[41], [42, p. 25], it is adopted by this paper to model the
SOI and RFI fading channels. These narrowband channels are
assumed to be flat fading channels since they have a good
agreement with the experimental data [43], [44]. Meanwhile,
we assume that detection is performed only after the reception
phase of pilot (preamble) symbols, if any.

The considered SOI can exhibit a one- or two-
dimensional (2D) modulation schemes. For 2D schemes, ED
can be integrated into the in-phase and/or quadrature compo-
nent of a dedicated receiver [45]. Specifically, we consider
the SOI being the baseband equivalent of a deterministic
passband signal—denoted by s̃(t)—given as s̃(t) ∈

{
sk(t) =

Re
{
Akp(t)ej2πfct

}}M

k=1
[45, eq. (3.2–45)] for p(t), fc, and

M being a rectangular pulse of duration Ts, carrier frequency,
and the modulation order, respectively; Ak = 2k − 1 − M ,
Ak = ej 2π

M (k−1), and Ak = AI
k +jAQ

k for M -ary pulse ampli-
tude modulation (PAM), M -ary phase shift keying (PSK), and
M -ary quadrature amplitude modulation (QAM), respectively.
To continue, a noise pre-filtered received baseband signal—
denoted by r(t)—is expressed via a binary hypothesis test as

r(t) =

{
hs(t) + gv(t) + z(t) : H1

hs(t) + z(t) : H0,
(1)

where H0 and H1 are hypotheses regarding the absence
and presence of the RFI, respectively; s(t) and v(t) denote
the aforementioned SOI and an RFI assumed unknown and
deterministic, respectively; h ∼ NA(m1, h̄s) is the SOI
channel gain for m1 being the SOI fading severity parameter
and h̄s � E{h2}; g ∼ NA(m2, ḡs) is the RFI channel gain for
m2 being the fading severity parameter and ḡs � E{g2}; and
z(t) is a zero mean additive white Gaussian noise (AWGN)
process with a known power spectral density of N0 W/Hz.
For analytical tractability, integer m1 and m2 are assumed;
h and g are linearly independent; and uncorrelated SOI, RFI,
and AWGN are considered.
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B. The Investigated Detection

The investigated ED is diagrammed in Fig. 1, where the
baseband input is, first, filtered by an ideal noise pre-filter. Sec-
ond, squaring followed by a finite time integration produces
the energy over T of the input signal [26]. Third, the energy is
multiplied by 2/N0 to generate a decision variable Y. At Last,
H1 is detected when Y is greater than a decision threshold λ.
Otherwise, H0 is detected.

III. PERFORMANCE ANALYSIS

Hereinafter, the performance of the energy-based RFI detec-
tor is analyzed. In particular, approximated and asymptotic
closed-form expressions are derived for the average prob-
ability of RFI detection. To do so, the probability density
function (PDF) and the cumulative distribution function (CDF)
of the ED test statistic are derived when an unknown RFI
impinges on the receiver. Having employed the ED test
statistic’s PDF and CDF corresponding to the signal present
hypothesis in the spectrum sensing [29]–[32] and unknown
signal detection problems [25], [27], [28], the average proba-
bility of false alarm is also derived.

A. Distribution of the ED Test Statistic

From Fig. 1, the decision variable is equated as

Y � 2
N0

∫ t

t−T

r2(t)dt. (2)

Let Es =
∫ t

t−T s2(t)dt be the SOI energy; γsnr = h2 Es

N0
be the SNR; and fY |H0(y) be the PDF of Y |H0. Hav-
ing been derived using the sampling theorem representa-
tion for bandlimited signals, fY |H0(y) admits the non-central
χ2–distribution with 2u DoF and a non-centrality parameter
2γsnr [25], [26], [28]. Thus,

fY |H0(y) =
1
2
(
y/2γsnr

)u−1
2 e−

2γsnr+y
2 Iu−1(

√
2γsnry). (3)

The CDF under H0—FY |H0(y) = Pr
{
Y ≤ y|H0

}
=∫ y

−∞ fY |H0(y)dy—simplifies to

FY |H0(y) = 1 − Qu(
√

2γsnr,
√

y). (4)

Meanwhile, the distribution of Y |H1 is characterized by the
following theorem.

Theorem 1: Let Ev =
∫ t

t−T

v2(t)dt be the RFI energy.

For any type of RFI, Y |H1 admits the non-central
χ2–distribution with 2u DoF and a non-centrality parameter ρ
given by

ρ = 2(γsnr + γinr) +
2hg

σ2

2u∑
j=1

αjβj, (5)

where W is the bandwidth of the SOI, u = TW , γinr = g2 Ev

N0
defines the INR, αj = s(j/2W ), and βj = v(j/2W ).

Proof: Please refer to Appendix A.
Employing Theorem 1, the PDF of Y |H1 is given by

fY |H1(y) = fY |H0(y)
∣∣
2γsnr=ρ

. Thus, the CDF of Y |H1 is
given by

FY |H1(y) = Pr
{
Y ≤ y|H1

}
= 1 − Qu(

√
ρ,
√

y). (6)

B. Average Probability of RFI Detection

The probability of detection Pd = Pr
{
Y > λ|H1

}
= 1 −

Pr
{
Y ≤ λ|H1

}
simplifies via (6) as

Pd = 1 − FY |H1(λ) = Qu(
√

ρ,
√

λ). (7)

Meanwhile, the Pd given by (7) satisfies the underneath
theorem.

Theorem 2: Suppose Ps and Pv denote the SOI power and
the RFI power, respectively. For the SOI and RFI, respectively,
given by s(t) =

√
Ps

∑∞
n=−∞ snp(t − nTs) and v(t) =√

Pv

∑∞
n=−∞ vnp(t − nTs),

Pd ≥ Qu(
√

2(γsnr + γinr),
√

λ), (8)

if and only if (iff)
∑2u

j=1 sjvj ≥ 0 and both signals experience
non-deep fading channels.

Proof: Employing (5) in (7) and considering two cases—∑2u
j=1 sjvj = 0 and

∑2u
j=1 sjvj > 0—via [46, eq. (24)],

the inequality in (8) follows. �
For the SOI and RFI as in Theorem 2, an approximated

expression is derived in the sequel.
1) Approximated Expression: Note that the Pd given by (7)

depends on the distribution of ρ which, in turn, depends
on the joint distribution of several RVs. As detailed in
Appendix B, deriving the PDF of ρ is either mathemati-
cally intractable or too complex. Consequently, we derive the
approximated PDF of ρ which is stated below.

Theorem 3: Let Ξm1m2
η1η2

(i, k) be a weight defined
in [47, eq. (A-5)]; γ̄snr be the average SNR;
and γ̄inr be the average INR. For (η1, η2) =
(

γ̄snr

m1
, γ̄inr

m2

)
=

(
h̄sPs

�2u
j=1 E{s2

j}
2m1N0W ,

ḡsPv
�2u

j=1 E{v2
j}

2m2N0W

)
,

PC(cj) = Pr{sj}Pr{vj}—cj = sjvj , and

PY4(r)=PC(r) ∗ PC(r) ∗ · · · ∗ PC(r)︸ ︷︷ ︸
2u−1 fold discrete-time convolution

, r=
∑2u

j=1 sjvj , (9)

the approximated PDF of ρ is given by (10), as shown at the
top of the next page.

Proof: Please see Appendix B.
Remark 1: The right-hand side (RHS) of (10) is a valid

PDF.
Proof: Please refer to Appendix C.

Using Theorem 3, the average probability of RFI
detection—denoted by P̄d—can be approximated as

P̄d ≈
∫ ∞

0

PdfP (ρ)dρ ≈
∫ ∞

0

Qu(
√

ρ,
√

λ)fP (ρ)dρ. (11)

Meanwhile, the approximated expression is stated below.
Theorem 4: For

∏m2
m1

= (m1 − 1)!(m2 − 1)!, the approxi-
mated average probability of RFI detection is given by (12),
as shown at the top of the next page.

Proof: Please refer to Appendix D.
From (12), lim

u→∞ P̄d → 1. Thus, the detection of RFI is

certain on average when T gets larger. As (η1, η2) → (0,∞),
(γ̄snr, γ̄inr) → (0,∞). Similarly, as (η1, η2) → (∞, 0),
(γ̄snr, γ̄inr) → (∞, 0). Therefore, employing [47, eq. (A-5)]
and (12), lim

(γ̄snr,γ̄inr)→(0,∞)
P̄d = lim

(γ̄snr,γ̄inr)→(∞,0)
P̄d → 1,
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fP (ρ) ≈
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)

[
ρk−1e

− ρ
2ηi PY4(0)

(2ηi)k(k − 1)!
+

∑
r∈M\{0}

2PY4(r)G
2,0
0,2

(
ρ2

4η1η2r2

∣∣∣∣
−

m1,m2

)

ρ(m1 − 1)!(m2 − 1)!

]
U(ρ). (10)

P̄d ≈ 1−e−
λ
2

∞∑
n=u

∞∑
l=0

2∑
i=1

mi∑
k=1

λn+lΞm1m2
η1η2

(i, k)
2nl!(n + l)!

[
PY4(0)(l + k − 1)!ηl

i

2l(1 + ηi)l+k(k − 1)!
+

∑
r∈M\{0}

PY4(r)√
π

∏m2
m1

G2,2
2,2

(
4

η1η2r2

∣∣∣∣
1−l
2 , 2−l

2

m1,m2

)]
.

(12)

as G2,2
2,2(·) approaches zero when

1
η1η2

approaches ∞. This

implies that ED detects RFI certainly whenever there is a big
difference between the strength of the SOI and RFI.

2) Asymptotic Expression: The expression for P̄d whenever
γinr � γsnr is derived subsequently. In this case, (5) simpli-
fies to ρ ≈ 2γinr which is plugged into (7) to give

Pd ≈ Qu(
√

2γinr,
√

λ). (13)

In (13), γinr ∼ G(m2, γ̄inr) for g ∼ NA(m2, ḡs).
Thus, P̄d demands averaging over the gamma PDF
fY (γinr ; m2, η2) = (γinr)m2−1

η
m2
2 Γ(m2)

e−
γinr

η2 U(γinr) [47, eq. (2)]
which is employed in (11) to render

P̄d≈ mm2
2

(γ̄inr)m2Γ(m2)

∫ ∞

0

Qu(
√

2y,
√

λ)ym2e
− m2y

γ̄inr

y
dy

∣∣
y=γinr

.

(14)

Using [42, eq. (4.63)], (14) simplifies to

P̄d ≈ 1 − e−
λ
2

Γ(m2)

(
m2

γ̄inr

)m2 ∞∑
n=u

(
λ/2

)n/2

×
∫ ∞

0

e
−
(
1+

m2
γ̄inr

)
y
ym2−1−n/2In(

√
2λy)dy

∣∣
y=γinr

.

(15)

Following [25, eqs. (4) and (5)], the asymptotic average
probability of RFI detection is given by

P̄d ≈ 1 − e−
λ
2 κm2

∞∑
n=u

(n!)−1
(
λ/2

)n
1F1

(
m2; n + 1; λμ/2

)
,

(16)

where κ = m2
γ̄inr+m2

and μ = γ̄inr

γ̄inr+m2
. From (16),

lim
γ̄inr→∞ P̄d → 1. Thus, as the RFI gets stronger, ED detects it

with certainty.
Remark 2: Note that (16) coincides with the average proba-

bility of a deterministic signal detection over the Nakagami-m
fading channel exhibited by ED [25, eq. (5)].

It is to be noted that the aforementioned analyses also
encompass the scenario that the SOI and RFI are non-
overlapping after the initial filtering. In this scenario, the fil-
tered RFI would have a bandwidth less than the bandwidth of
the SOI. Consequently, the intercepted RFI energy becomes
smaller by the virtue of Parseval’s theorem [45]; so does the
average INR. Therefore, this is similar to the overlapping case
with a reduced average INR.

C. Average Probability of False Alarm

As the RFI absent hypothesis—in the RFI detection
problem—is the signal present hypothesis in the spec-
trum sensing and unknown signal detection problems
[25], [27]–[32], (3) and (4) can be used to derive the average
probability of false alarm—denoted by P̄f —for a given λ.
Using (4), the probability of false alarm Pf = Pr

{
Y >

λ|H0

}
= 1 − Pr

{
Y ≤ λ|H0

}
becomes

Pf = 1 − FY |H0(λ) = Qu(
√

2γsnr,
√

λ). (17)

For a given h, Pf is given by (17). Thus, P̄f is
obtained by averaging (17) over fY (γsnr; m1, η1) =
fY (γinr; m2, η2)

∣∣
(γinr,m2,η2)=(γsnr,m1,η1)

. Doing so by fol-
lowing (14)-(16),

P̄f = 1 − e−
λ
2 κ̃m1

∞∑
n=u

(n!)−1
(
λ/2

)n
1F1

(
m1; n + 1; λμ̃/2

)
,

(18)

where κ̃ = m1
γ̄snr+m1

and μ̃ = γ̄snr

γ̄snr+m1
. Employing (18),

lim
γ̄snr→∞ P̄f = 1. Thus, as the SOI gets stronger, ED would

exhibit the maximum false alarm rate (FAR) for it would
confuse the SOI for the RFI.

Remark 3: For the matching of hypotheses, (18) is identical
with the average probability of a deterministic signal detection
over the Nakagami-m fading channel [25, eq. (5)].

Summarizing the overall performance analysis, (12) implies
that the average detection performance of ED depends on
the relative strength of the SOI w.r.t. the RFI and vice versa.
Since (12) is valid—by the virtue of Theorem 1—irrespective
of the type of RFI, the aforementioned dependence is valid
regardless of the type of RFI. Similarly, it is inferred
from (18) that the exhibited average FAR increases
with the average strength of the SOI. Most important,
because only the signal energy matters; not its form,
ED can be applied for the detection of any deterministic
signal [26, Sec. I]. Therefore, once the received signal is
downconverted to its baseband equivalent, ED can be applied
in both satellite (see Fig. 2) and terrestrial (for instance,
see [45, Figs. 5.1–1 and 5.1–2]) communications regardless
of their difference in the pre-baseband signal processing.
Talking about practical applicability, however, ED requires an
accurate noise power estimator, as it relies on the knowledge
of the noise power.
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Fig. 2. The simulated VSAT [48] scenario.

TABLE I

SIMULATION PARAMETERS UNLESS OTHERWISE MENTIONED

IV. SIMULATION RESULTS

Without loss of generality, ED is applied in the context of
a VSAT communication system. For a VSAT receiver located
in a rural area free from scattering, the reception of a binary
PSK (BPSK) modulated SOI transmitted by a regenerative
geostationary earth orbit (GEO) satellite, a BPSK modulated
RFI possibly emitted by a regenerative GEO satellite, and
a line-of-sight reception are assumed. Moreover, the channel
models and assumptions outlined in Sec. II-A are deployed.

The simulated VSAT scenario is depicted in Fig. 2,
where the received baseband signal after noise pre-filtering
is modeled based on the GNSS received signal model in
[49, eq. (2.2)]. As seen in Fig. 2, ED can be cascaded
to the VSAT receiver so as to detect RFI. Regarding the
SOI and RFI propagation delays, perfect and identical
estimates are assumed rendering a model consistent with (1).
Having defined the average SNR and INR as in Theorem 3,
simulations with parameters of Table I—unless otherwise
mentioned—are conducted.

Four results are given to assess the exhibited P̄d. First,
a Monte-Carlo simulation named “simulation 1” is conducted
via the binarization of (22) w.r.t. λ—while employing (26b)—
followed by averaging. Second, (12) is implemented by
approximating the infinite summations w.r.t. n and l through
the first 50−u and 50 terms, respectively. Third, “simulation 2”
is conducted by averaging (7). Fourth, (16) is implemented via
the approximation of the infinite summation w.r.t. n by the
first 50 − u terms. Three results are presented to assess the
exhibited P̄f . First, a Monte-Carlo simulation named “simu-
lation 3” is conducted via the binarization of (22) w.r.t. λ—
while employing (26b) and no RFI—followed by averaging.
Second, (18) is implemented by approximating the infinite
summation by the first 50−u terms. Third, a simulation named
“simulation 4” is conducted by averaging (17).

A. Performance Comparison With the State-of-the-Art

Amongst the state-of-the-art algorithms [4], [7], [13]–[16],
we opt for a performance comparison with a kurtosis detec-
tor (KD). The choice is motivated by the fact that KD is a
statistical algorithm—like ED—and the remaining ones are
sub-optimal techniques that tend to exhibit some heuristics
(cf. Appendix E). To continue, we assume a received baseband

Fig. 3. Comparison in P̄d: (γ̄snr , γ̄inr) = (−5 dB, 5 dB).

Fig. 4. Comparison in P̄d: (γ̄snr , λ) = (3 dB, 2).

signal sampled at Ts = 1/2W apart and conduct a Monte-
Carlo simulation for KD [4], [13]. Using this assumption
which leads to (26b), the kurtosis (κ) is computed through
expectation-based operations in [4, eqs. (1) and (2)]. As com-
puting expectation requires infinite samples, we update the
RFI-free detection threshold stated in [4] to our simula-
tion setting. In this regard, we employ a threshold of 3 −

1
γ̄inr ln(u2/λ) ≤ κ ≤ 3 + 1

γ̄inr ln(u2/λ) for the detection of no
RFI and perform averaging over 105 channel realizations.

Figs. 3 and 4 depict the P̄d exhibited by ED and KD. Note
that the performance of ED is simulated as per “simulation 1”.
Although ED intercepts the received signal for the 1/50th
duration of KD’s, Fig. 3 corroborates that ED outperforms
KD regardless of λ for a given (γ̄snr, γ̄inr). Fig. 4 also
demonstrates that ED outperforms KD regardless of γ̄inr for
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TABLE II

COMPLEXITY COMPARISON IN TERMS OF THE NUMBER (NO.) OF
MULTIPLICATIONS AND ADDITIONS

Fig. 5. Comparison in P̄d: (P̄f , γ̄snr) = (0.1, 0 dB).

a given (γ̄snr , λ). These superior performance gains are due
to the fact that ED takes the energy of RFI into account to
detect RFI unlike KD which relies merely on the kurtosis.
Interestingly, such a gain is also guaranteed at a smaller com-
putational complexity, as attested by Table II which tabulates
the complexity comparison of ED and KD based on the test
statistics in (22) and [4, eqs. (1) and (2)], respectively.

B. Performance Comparison With GLRT

For a received baseband signal sampled at Ts = 1/2W apart
and a single-input multiple-output system, a generalized like-
lihood ratio test (GLRT) detector [50], [51]—a multi-antenna
technique—is compared with the ED extended—similar to
[50, eq. (3)]—to a multi-channel ED (MCED). In order to
apply GLRT to the RFI detection problem at hand, we assume
a perfect knowledge of the multi-antenna SOI channel gain h
and project orthogonal to the SOI subspace using a projection
matrix P = INR − h(hHh)−1hH . Thereafter, we apply the
GLRT statistic [50, eq. (13)], [51, eq. (39)] and conduct an RFI
detection via comparison with a test threshold rendering the
target average FAR of 0.1. To continue, MCED is simulated
by applying ED per a receive antenna and adding the output
of every ED. By doing so, the overall intercepted energy is
compared with a test threshold resulting in the target average
FAR of 0.1.

Having deployed the aforementioned simulation settings,
the detection performance comparison of MCED and
GLRT is depicted via Fig. 5. Although GLRT assumes a
perfect knowledge of the multi-antenna SOI channel gains,
MCED outperforms GLRT by around 20 dB. Although
MCED assumes the knowledge of the noise power, such
a significant performance gain interestingly comes with a

Fig. 6. Comparison in P̄d: (γ̄snr , γ̄inr) = (−5 dB, 0 dB).

Fig. 7. Comparison in P̄d: (γ̄snr , λ) = (1 dB, 3).

low-computational complexity—see Table II—unlike GLRT
which first computes a singular value decomposition which is
computationally complex—i.e., O(

N3
R

)
multiplications and

additions [52]—for large-scale multi-antenna systems.

C. Validation of the Derived Analytical Expressions

Figs. 6 and 7 compare the P̄d for different (λ, u) and
(γ̄inr, u), respectively. As shown, simulation 1, simulation 2,
and (12) are in agreement. In addition, Figs. 6 and 7 reveal that
the asymptotic curves suffer from a performance loss as λ gets
larger for (γ̄snr , γ̄inr, u) = (−5 dB, 0 dB, 3) and for small
values of γ̄inr estimated with u = 3, respectively. Meanwhile,
Figs. 6 and 7 demonstrate that the performance of ED and
the accuracy of (16) improve with u implying that a larger
intercepted energy results in a better P̄d.

Figs. 8 and 9 compare the P̄d for different (λ, γ̄inr) and
(γ̄snr, γ̄inr), respectively. As depicted, the increment of γ̄inr

results in a better P̄d. As γ̄inr increases, it is observed in Fig. 8
that the asymptotic curve gets close to the approximated curve.
Fig. 9 also corroborates that P̄d improves not only with γ̄inr

but also with γ̄snr, as the increment in γ̄snr (implicating the
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Fig. 8. Comparison in P̄d: (u, γ̄snr) = (3,−5 dB).

Fig. 9. Comparison in P̄d: (λ, u) = (3, 3).

Fig. 10. Comparison in P̄f : γ̄snr = −4 dB.

average SOI energy) is perceived by ED as the presence of an
RFI rendering an increase in the intercepted energy.

Figs. 10-12 depict the exhibited P̄f . As it is evident from
Figs. 10 and 12, the increment of u increases P̄f since ED
can be misled by the increment of the respective intercepted

Fig. 11. Comparison in P̄f : u = 3.

Fig. 12. Comparison in P̄f : λ = 5.

energy. Similarly, Figs. 11 and 12 display an increment in P̄f

when γ̄snr increases for the same reason mentioned before.
For the exhibited P̄f which varies w.r.t. γ̄snr, these plots also
corroborate that ED is not a constant FAR (CFAR) detector.
Such a non-CFARness is directly related to the fact that
ED is non-robust to noise uncertainty [50], [53]. Moreover,
Figs. 10-12 showcase that simulation 3, simulation 4, and (18)
are in an overlap.

D. Assessment of the Receiver Operating Characteristics

To assess the complementary receiver operating charac-
teristics (CROC) [28] of ED, Fig. 13 depicts the average
probability of miss (P̄m)—simulated as P̄m = 1 − P̄d—
versus P̄f . As displayed, the natural trade-off between P̄m

and P̄f is corroborated; the CROC curves move inward
when γ̄inr increases; and the Monte-Carlo simulations validate
(12) and (18).

V. REAL-WORLD DATA BASED SIMULATIONS

We assess the performance of ED using real-world RFI
contaminated data received by one of the antennas of
the VLA [38]. For this VLA data sampled at a sampling
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Fig. 13. P̄m versus P̄f : (u, γ̄snr) = (3,−5 dB).

Fig. 14. The extracted SOI and RFI.

frequency of 2048 MHz, [1, Fig. 15] depicts its fast Fourier
transforms (FFT) whose lower frequency component is
diagrammed in [1, Fig. 16].

A. Simulation Setup

As seen in [1, Fig. 16], there are four impinging RFIs in
four different subbands: 102.8-107.2 MHz, 110.7-115 MHz,
115.2-118.8 MHz, and 123.9-127.5 MHz. In order to
simulate the performance of ED w.r.t. the specified average
FAR, the respective decision threshold should be computed
from the “signal+noise” hypothesis (H0). To compute this
decision threshold, the four impinging RFIs have to be filtered
out and removed from the received signal. To extract the
RFI-free signal, the four bandpass filters designed using the
near-optimal Kaiser windows [40], [54] and reported through
[55, Figs. 3 and 4] are deployed. Using these filters, the four
RFIs are extracted and superimposed as manifested through
their FFT plotted in Fig. 14. These superimposed RFIs—
denoted by v—are used as an RFI in the subsequent simu-
lations. As depicted through an FFT operation diagrammed
in Fig. 14, the superimposed RFIs are then subtracted from
the VLA data so as to obtain the RFI-free data which are,
hereinafter, considered as the extracted SOI—denoted by s.

Fig. 15. P̄d using the VLA data: (γ̄snr , P̄f ) = (0 dB, 0.1).

Fig. 16. P̄f using the VLA data: γ̄snr = 0 dB.

To simulate the performance of ED for the ranges of
average SNR and INR, the extracted SOI is contaminated
by an AWGN of power σ2. It is to be noted that the noise
power is adjusted w.r.t. the average SNR and INR defined,
respectively, as γ̄snr = ‖s‖2/Ntσ

2 and γ̄inr = ϕ‖v‖2/Ntσ
2

for Nt being the number of samples in the VLA data and ϕ
being a constant used to adjust the power of the extracted
RFI w.r.t. the desired INR. To simulate the exhibited P̄f ,
the AWGN contaminated extracted SOI samples are employed
as per (22)—while employing no RFI—and compared with λ
so as to pass a decision. On the other hand, the exhibited P̄d

is simulated by adding the extracted RFI—whose power was
adjusted using

√
ϕ—to the extracted SOI contaminated by an

AWGN. Thereafter, these samples are deployed in (22) and
compared with λ. Having repeated such comparisons Nt/2u
times followed by averaging, the respective Monte-Carlo sim-
ulation results are plotted.

B. Results

The exhibited P̄d and P̄f assessed using the VLA data are
depicted in Figs. 15 and 16. As expected, Fig. 15 demon-
strates that P̄d improves with γ̄inr and u. At the same time,
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the increment in u and hence the respective increment in
the intercepted energy can mislead the detector and cause an
undesired increment in P̄f , as demonstrated via Fig. 16.

VI. CONCLUSIONS AND OUTLOOKS

A. Conclusions

As RFI is affecting many systems operating radio frequen-
cies, it should be properly detected so as to be efficiently
excised. In this respect, an energy-based RFI detector is
investigated for wireless systems suffering from RFI. Having
exploited the sampling theorem representation of bandlim-
ited signals, ED computes the intercepted energy which is
employed to make a decision upon the RFI. In order to
quantify the performance of ED, we derive novel closed-form
expressions by determining the distribution of the received sig-
nal and the associated RVs whenever an RFI—which usually
exhibits an unknown distribution—impinges on the receiving
antenna. Assuming the Nakagami-m fading channels, approxi-
mated and asymptotic closed-form expressions are derived for
the average probability of RFI detection, and an exact closed-
form expression is derived for the average probability of false
alarm. Simulations validate these expressions and corroborate
that ED outperforms KD—even under the scenario that KD
intercepts the received signal for a much longer interval—and
a GLRT detector. Moreover, the performance of ED is also
simulated and assessed using real-world RFI contaminated
data.

B. Outlooks

Since the mixture of Gaussian (MoG) distribution exhibits
a universal approximation property [56], as it can be
proved using the Wiener’s theorem of approximation [57],
it can approximate any non-Gaussian distribution such as
the Nakagami-m distribution. Hence, the MoG distribu-
tion has been deployed for channel modeling in wire-
less sensor networks [58]–[60] and approximation of the
envelope, and SNR distributions in several wireless fading
channels [56], [61].

Following the MoG distribution’s easiness in analytical
tractability and high accuracy [58], we hereby approxi-
mate the Nakagami-m distributed SOI channel’s envelope
with the MoG distribution. Bayesian information criterion
(BIC) [56], [62] is used to determine the number of mixture
components C required for an approximation whose accuracy
is assessed using the mean square error (MSE) between
PDFs. To estimate parameters of the approximating MoG
distribution, the expectation-maximization (EM) algorithm
[63, Ch. 1], [64, Ch. 9] is deployed.

To demonstrate the aforementioned universal approximation
property using simulations, we adapt the MATLAB� code
in [61, Appendix B] which implements a BIC assisted EM
algorithm using N independent and identically distributed
the Nakagami-m random samples. For the reception of
a BPSK modulated SOI over the Nakagami-m fading
channel, the MoG-based PDF and the empirical PDF
corresponding to the received signal’s envelope are depicted
in Figs. 17 and 18. As plotted, the MoG distribution

Fig. 17. EM approximation: (u, m1, C, σ2) = (2, 2, 6, 1 W) and
(γ̄snr , Ps, N, MSE) = (0 dB, 1 W, 106, 3.9024 × 10−5).

Fig. 18. EM approximation: (u, m1, C, σ2) = (2, 4, 6, 1 W) and
(γ̄snr , Ps, N, MSE) = (5 dB, 1 W, 106, 2.7135 × 10−5).

approximates the Nakagami-m distributed envelope with
high accuracy. Accordingly, the performance analysis of an
energy-based RFI detector using the MoG distributed fading
channels has become our future undertaking.

APPENDIX A
PROOF OF THEOREM 1

For a baseband input of bandwidth W , we note that 2u
terms are sufficient to approximate its energy in a finite
duration sample of a bandlimited process [26, Appendix].
For a lowpass (baseband) process, the values are obtained by
sampling the process at 1/2W times apart. Having relied on
the aforementioned approximation which is the result of the
Karhunen–Loève transform, terms of H1 in (1) are represented
as [26, eqs. (11) and (12)]

(
hs(t), gv(t), z(t)

)
=

2u∑
j=1

(
hαj , gβj, ξj

)
sinc(2Wt − j),

(19)

where ξj = z(j/2W ) and sinc(x) = sin(πx)/πx. It is to
be noted that the type of RFI in (19) is irrelevant for the
approximation and each ξj is a Gaussian RV with a zero mean
and variance of σ2 = N0W.
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(Es, Ev) =
2u∑

j=1

2u∑
i=1

(αjαi, βjβi)

= 1
2W , if j=i; =0, if j �=i.︷ ︸︸ ︷∫ t

t−T

sinc(2Wt − j)sinc(2Wt − i)dt

︸ ︷︷ ︸
= 1

2W

�2u
j=1(α2

j ,β2
j )

. (25)

Deploying (19) in (1),

r(t)|H1 =
2u∑

j=1

(
hαj + gβj + ξj

)
sinc(2Wt − j). (20)

Substituting (20) into (2) results in

Y |H1 =
2

N0

2u∑
j=1

2u∑
i=1

(
hαj + gβj + ξj

)(
hαi + gβi + ξi

)

×
∫ t

t−T

sinc(2Wt − j)sinc(2Wt − i)dt

︸ ︷︷ ︸
= 1

2W , if j=i; =0, if j �=i.

. (21)

Employing the orthogonality of sinc functions [26, eq. (5)]
and recalling that σ2 = N0W,

Y |H1 =
2u∑

j=1

(
hαj/σ + gβj/σ + ξj/σ

)2
. (22)

As every ξj is a Gaussian RV with a zero mean and
variance of σ2, ξj/σ is a Gaussian RV with a zero mean and
variance of 1. Thus, Y |H1 in (22) admits the non-central χ2–
distribution with 2u DoF and a non-centrality parameter given
by

ρ =
2u∑

j=1

(
hαj/σ + gβj/σ

)2
. (23)

Expanding (23) and substituting σ2 = N0W yields

ρ = 2
h2

N0

( 1
2W

2u∑
j=1

α2
j

)
+ 2

g2

N0

( 1
2W

2u∑
j=1

β2
j

)

+ 2
2u∑

j=1

(hαj

σ

)(gβj

σ

)
. (24)

Following the stated suppositions that Es =
∫ t

t−T

s2(t)dt

and Ev =
∫ t

t−T

v2(t)dt, (25)—as shown at the top of

this page—is rendered. Eventually, plugging (25) into (24)
and realizing that (γsnr, γinr) = (h2Es/N0, g

2Ev/N0)
lead to (5). �

APPENDIX B
PROOF OF THEOREM 3

Recalling that (αj , βj) =
(
s(j/2W ), v(j/2W )

)
and using

the SOI, and RFI representations as in Theorem 2,

(
αj , βj

)
=

∞∑
n=−∞

(√
Pssn,

√
Pvvn

)
p(j/2W − nTs) (26a)

=
(√

Pssj ,
√

Pvvj

)
, (26b)

where p(j/2W −nTs) = 1 iff j = n is exploited, as p(t) is a
rectangular pulse of duration Ts. Substituting (26b) into (25)
results in

(
Es, Ēs

)
=

Ps

2W

2u∑
j=1

(
s2

j , E{s2
j}

)
(27a)

(
Ev, Ēv

)
=

Pv

2W

2u∑
j=1

(
v2

j , E{v2
j }

)
, (27b)

where Ēs and Ēv are the average SOI energy and the average
RFI energy, respectively.

Substituting (26b) into (5) gives

ρ = 2Z, (28)

where

Z = γsnr + γinr +
hg

√
PsPv

σ2

2u∑
j=1

sjvj . (29)

Accordingly, the PDF of ρ can be obtained from the PDF of
Z . If we suppose

Y1 = γsnr , Y2 = γinr (30a)

Y = Y1 + Y2 (30b)

Y3 =
hg

√
PsPv

σ2
, Y4 =

2u∑
j=1

sjvj (30c)

X = Y3Y4, (30d)

then

Z = Y + X. (31)

Prior to diving to the PDF derivation, we note that Z becomes
a mixed RV whenever the discrete RV Y4 becomes non-zero.
More precisely,

Z =

{
Y, if Y4 = 0,

X + Y, if Y4 = 0.
(32)

To derive the PDF fZ(z), we resort to the derivation of
the CDF of Z , i.e., FZ(z), by deploying the total probability
theorem [65, p. 28] and applying differentiation afterward.
Note that FZ(z) = Pr{Z ≤ z}. Applying the total probability
theorem through (32) gives

FZ(z) = Pr{Y ≤z}PY4(0)+
∑

r:
r �=0

Pr
{
Z ≤ x+y|Y4 =r

}
PY4(r)

(33)

FZ(z) = FY (z)PY4(0) +
∑

r:
r �=0

FZ|Y4=r(x + y|Y4 = r)PY4 (r),

(34)
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Differentiating (34) w.r.t. z then gives

fZ(z) = fY (z)PY4(0) +
∑

r:
r �=0

fZ|Y4=r(x + y|Y4 = r)PY4 (r).

(35)

To continue, we are going to pursue the derivation of
the probability mass function (PMF) of Y4. Should we let
cj = sjvj , 1 ≤ j ≤ 2u, then for the independence of sj and
vj [65], [66],

PC(cj) = Pr{sj}Pr{vj}. (36)

Meanwhile, Y4 becomes the sum of 2u RVs, {cj}2u
j=1, and

its PMF can be recursively determined as the PMF of
An = An−1 + cn for A0 = 0. To continue [65, p. 213],

PA2(r) = Pr{A2 = r} = Pr{c1 + c2 = r} (37a)

=
∞∑

n=−∞
PC(n)PC(r − n) = PC(r) ∗ PC(r). (37b)

Similarly,

PA3(r) = Pr{A2+c3 = r}=
∞∑

n=−∞
PA2(n)PC(r−n) (38a)

= PA2(r) ∗ PC(r) (38b)

= PC(r) ∗ PC(r) ∗ PC(r). (38c)

Pursuing the recursive analysis further eventually gives

PY4(r) = PA2u(r) = PC(r) ∗ PC(r) ∗ · · · ∗ PC(r)︸ ︷︷ ︸
2u−1 fold discrete-time convolution

, (39)

where r =
∑2u

j=1 sjvj .
Should we presume that all the possible values of r belong

to a set M, then M = M− ∪ {0} ∪M+ for M− and M+

being the set of all possible negative and positive values of r,
respectively. Accordingly,

fZ(z) = fY (z)PY4(0)

+
∑

r−∈M−
fZ|Y4(x + y|Y4 = r−)PY4(r

−)

+
∑

r+∈M+

fZ|Y4(x + y|Y4 = r+)PY4(r
+). (40)

If r > 0, x > 0, and x < 0 when r < 0—cf. (30d).
Hence, determining the PDF of Z for both conditions depends
on the PDF of X and Y . However, these RVs depend on
the transmitted SOI and RFI, the SOI channel, and the RFI
channel. Accordingly, X and Y are dependent RVs rendering
the derivation of the exact PDF of Z either mathematically
intractable or too complex. To the best of our knowledge, such
a PDF hasn’t been derived to date.

To overcome the aforementioned intractability, we approx-
imate the resulting PDF for r > 0 by the PDF of the sum of
two independent RVs. Relying on [65, p. 214],

fZ|Y4(x+y|Y4 = r+) ≈
∫ ∞

−∞
fX|Y4(x|Y4 = r+)fY (z−x)dx.

(41)

Similarly, the PDF for r < 0 is approximated by the PDF
of the difference of two independent RVs. Thus, relying on
[65, p. 216],

fZ|Y4(x+y|Y4 =r−)≈
∫ ∞

−∞
fY (x)fX|Y4(x − z|Y4 = r−)dx.

(42)

Substituting (41) and (42) into (40) results in

fZ(z) ≈ fY (z)PY4(0)

+
∑

r+∈M+

PY4(r
+)

∫ ∞

−∞
fX|Y4(x|Y4 =r+)fY (z−x)dx

+
∑

r−∈M−
PY4(r

−)
∫ ∞

−∞
fY (x)fX|Y4(x−z|Y4 =r−)dx.

(43)

Henceforth, the PDFs fY (y), fX|Y4(x|Y4 = r−), and
fX|Y4(x|Y4 = r+) are derived. From the considered
Nakagami-m fading channels, h2 and g2 are gamma distrib-
uted [67]. Accordingly, Y1 ∼ G(m1, Ω1) and Y2 ∼ G(m2, Ω2)
for Ω1 = γ̄snr = h̄sĒs

N0
=

h̄sPs
�2u

j=1 E{s2
j}

2N0W and Ω2 = γ̄inr =
ḡsĒv

N0
=

ḡsPv
�2u

j=1 E{v2
j }

2N0W . For the integerness of m1 and m2,
Y1 and Y2 exhibit the Erlang distribution expressed via its PDF
as [47, eq. (2)]

fYl
(y; ml, ηl) =

yml−1

ηml

l (ml − 1)!
e
− y

ηl U(y), (44)

where 1 ≤ l ≤ 2, η1 = γ̄snr

m1
, and η2 = γ̄inr

m2
. The PDF

of Y, which is the sum of two mutually independent Erlang
distributed RVs, is then given by [47, eq. (6)]

fY (y) =
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)fYi(y; k, ηi), (45)

where the weight Ξm1m2
η1η2

(i, k) is as defined in [47, eq. (A-5)].
Using (44) and (45),

fY (z) =
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)
zk−1

ηk
i (k − 1)!

e
− z

ηi U(z). (46)

Meanwhile, the PDF of Y3 can be recognized as the
distribution of the product of two independent the Nakagami-
m distributed RVs h

√
Ps

σ and g
√

Pv

σ with local mean received
powers of Ω̃1 = h̄sPs

σ2 and Ω̃2 = ḡsPv

σ2 , respectively. Employing
[68, eq. (4)] for N = 2, the PDF of Y3 becomes

fY3(y) =
2y−1

2∏
j=1

(mj − 1)!

G2,0
0,2

(
y2

2∏
j=1

(
mj

Ω̃j

)∣∣∣∣
−

m1,m2

)
. (47)

Recognizing that Ω̃1 and Ω̃2 are, respectively, the ratio of the
average SOI power and the average RFI power to the noise
power, Ω̃1 = γ̄snr and Ω̃2 = γ̄inr. In addition, the PDF
in (47) is a non-negative function [69]. Hence, it can be further
expressed as

fY3(y)=
2y−1

(m1−1)!(m2−1)!
G2,0

0,2

(
y2

η1η2

∣∣∣∣
−

m1,m2

)
U(y). (48)
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Once fY3(y) and PY4(r) are obtained, fX|Y4(x|Y4 = r−)
and fX|Y4(x|Y4 = r+) can be derived by using the total
probability theorem [65, p. 28] for r < 0 and r > 0,
respectively. To derive these PDFs, we resort to the derivation
of the CDF of X and apply derivative afterward. Employing
the definition of CDF [65, p. 148],

FX|Y4(x|Y4 = r+) = Pr{Y3r ≤ x} = FY3(x/r). (49)

Differentiating (49) w.r.t. x yields

fX|Y4(x|Y4 = r+) = fY3(x/r)/r. (50)

Similarly, for r < 0 (|r| = −r),

FX|Y4(x|Y4 = r−)
= Pr{−Y3|r| ≤ x} (51a)

= Pr
{ − Y3 ≤ x/|r|} = F−Y3(x/|r|). (51b)

Differentiating (51b) w.r.t. x results in

fX|Y4(x|Y4 = r−) = f−Y3(x/|r|)/|r| (52a)

(a)
=

1
| − 1|fY3(x/ − |r|)/|r| =

fY3(x/r)
|r| , (52b)

where (a) follows from the PDF relation [65, p. 205] for
−Y3 = −1 × Y3. Utilizing (50) and (52b) in (43),

fZ(z) ≈ fY (z)PY4(0)

+
∑

r∈M+

PY4(r)
r

∫ ∞

−∞
fY3(x/r)fY (z − x)dx

+
∑

r∈M−

PY4(r)
|r|

∫ ∞

−∞
fY (x)fY3((x − z)/r)dx. (53)

From (46), fY (z−x) is a non-negative function with a support,
w.r.t. x, of [0, z] whenever r > 0. From (48), fY3((x−z)/r) is
also a non-negative function with a support, w.r.t. x, of [−z, 0].
As a result,

fZ(z) ≈ fY (z)PY4(0)

+
∑

r∈M+

PY4(r)
r

∫ z

0

fY3(x/r)fY (z − x)dx

+
∑

r∈M−

PY4(r)
|r|

∫ 0

−z

fY (x)fY3 ((x − z)/r)dx. (54)

Meanwhile, substituting (44) into (45) produces the
expression

fY (y) =
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)
yk−1

ηk
i (k − 1)!

e
− y

ηi U(y). (55)

Substituting (55) into (54) results in (56), as shown at the
bottom of this page. As fY3(y) in (48) is a product of a
power function and the Meijer G-function [39, eq. (9.301)],
I1 and I2—of (56)—are convolutions between a gamma
distribution and the product of a power function, and the
Meijer G-function. To the best of our knowledge, the solutions
of these integrals have never been reported in any
mathematical book nor website. Accordingly, we offer
systematic solutions to these integrals, as documented in the
underneath lemma.

Lemma 1:

I1 =
∫ z

0

fY3(x/r)
(z − x)k−1e

− z−x
ηi

ηk
i (k − 1)!

dx = fY3(z/r) (57a)

I2 =
∫ 0

−z

xk−1e
− x

ηi

ηk
i (k − 1)!

fY3((x − z)/r)dx = fY3(z/|r|). (57b)

Proof: To solve the aforementioned integrals, we start by
recapping the partial differentiation of the (upper) incomplete
gamma function [70, eq. (06.06.20.0003.01)]. Thus,

∂Γ(a, z)
∂z

= −e−zza−1. (58)

Using (58) and chain rule of differentiation

∂Γ(k, (z − x)/ηi)
∂x

= e
− z−x

ηi
(z − x)k−1

ηk
i

. (59)

Deploying (59) in (57a) gives

I1 =
∫ z

0

∂Γ(k, (z − x)/ηi)
∂x

fY3(x/r)
(k − 1)!

dx. (60)

Employing the definition in [71, eq. (1), p. 66], it can be
inferred that

∂Γ(k, (z − x)/ηi)
∂x

= lim
Δx→0

Γ
(
k, z−x+Δx)

ηi

) − Γ
(
k, z−x

ηi

)

Δx
.

(61)

Substituting (61) into (60) and exchanging the limit and
integral operations result in

I1 = lim
Δx→0

1
Δx

[ ∫ z

0

Γ(k, (z + Δx − x)/ηi)
fY3(x/r)
(k − 1)!

dx

−
∫ z

0

Γ(k, (z − x)/ηi)
fY3(x/r)
(k − 1)!

dx

]
. (62)

To surmount the z + Δx term in (62), (62) is re-written as

I1 = lim
Δx→0

1
Δx

[ ∫ z+Δx

Δx

Γ(k, (z − x)/ηi)
fY3(x/r)
(k − 1)!

dx

−
∫ z

0

Γ(k, (z − x)/ηi)
fY3(x/r)
(k − 1)!

dx

]
. (63)

fZ(z) ≈ fY (z)PY4(0) +
∑

r∈M+

2∑
i=1

mi∑
k=1

PY4(r)Ξm1m2
η1η2

(i, k)
r

∫ z

0

fY3(x/r)
(z − x)k−1e

− z−x
ηi

ηk
i (k − 1)!

dx

︸ ︷︷ ︸
I1

+
∑

r∈M−

2∑
i=1

mi∑
k=1

PY4(r)Ξm1m2
η1η2

(i, k)
|r|

∫ 0

−z

xk−1e
− x

ηi

ηk
i (k − 1)!

fY3((x − z)/r)dx

︸ ︷︷ ︸
I2

. (56)
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As Δx is very close to zero, (63) can be simplified to

I1 = lim
Δx→0

1
Δx

[∫ z+Δx

0

Γ(k, (z − x)/ηi)
(k − 1)!

fY3(x/r)dx

−
∫ z

0

Γ(k, (z − x)/ηi)
(k − 1)!

fY3(x/r)dx

]
. (64)

Considering the integrals in (64) as a two-variable function
of the integration limits and deploying the aforementioned
definition of a partial derivative, (64) is the partial derivative
of the integral w.r.t. z. Thus,

I1 =
∂

∂z

∫ z

0

Γ(k, (z − x)/ηi)
(k − 1)!

fY3(x/r)dx. (65)

It is straightforward to observe that the derivative of the
integral is its integrand. Following [71, eq. (1), p. 141],

I1 =
Γ
(
k, z−x

ηi

)
fY3(x/r)

(k − 1)!

∣∣∣∣
x=z

=
Γ(k, 0)fY3(z/r)

(k − 1)!
. (66)

Recalling that Γ(k, 0) = Γ(k) = (k − 1)! for k is an integer,

I1 = fY3(z/r). (67)

To continue, letting t = x − z (x = t + z), dt = dx and

I2 =
∫ −z

−2z

(t + z)k−1

ηk
i (k − 1)!

e
− t+z

ηi fY3(t/r)dt (68a)

= −
∫ −z

−2z

− (t + z)k−1

ηk
i (k − 1)!

e
− t+z

ηi fY3(t/r)dt. (68b)

Employing (58),

∂Γ(k, (t + z)/ηi)
∂t

= −e
− t+z

ηi

(
t + z

ηi

)k−1

× 1
ηi

. (69)

Substituting (69) into (68b) and adopting identical procedures
as in (61)-(64) render

I2 = −
∫ −z

−2z

∂Γ(k, (t + z)/ηi)
∂t

fY3

(
t
r

)
(k − 1)!

dt (70a)

= − ∂

∂(−z)

∫ −z

−2z

Γ(k, (t + z)/ηi)
(k − 1)!

fY3

(
t

r

)
dt (70b)

= − ∂

∂(−z)

∫ −z

−2z

Γ(k, (t − (−z))/ηi)
(k − 1)!

fY3

(
t

r

)
dt (70c)

=
[

∂

∂c

∫ c

2c

Γ(k, (t − c)/ηi)
(k − 1)!

fY3

(
t

r

)
dt

]

c=−z

(70d)

=
[
Γ(k, (t − c)/ηi)

(k − 1)!
fY3

(
t

r

)∣∣∣∣
t=c

]

c=−z

(70e)

=
[

Γ(k, 0)
(k − 1)!

fY3

(
c

r

)]

c=−z

= fY3(z/|r|). (70f)

Using Lemma 1, (48), and realizing that U(z/r) = U(z) for
r > 0,

I1 =
2r

z(m1 − 1)!(m2 − 1)!
G2,0

0,2

(
z2

η1η2r2

∣∣∣∣
−

m1,m2

)
(71a)

I2 =
2|r|

z(m1 − 1)!(m2 − 1)!
G2,0

0,2

(
z2

η1η2r2

∣∣∣∣
−

m1,m2

)
. (71b)

Substituting (71a) and (71b) into (56) results in (72), as
shown at the bottom of this page.

The PDF of ρ, fP (ρ), can now be inferred from fZ(z) given
by (72). From (28), ρ = 2Z . As a result [65, p. 205],

fP (ρ) =
1
2
fZ(ρ/2). (73)

Finally, substituting (72) into (73) and realizing that
U(ρ/2) = U(ρ) result in (10). �

APPENDIX C
PROOF OF REMARK 1

From (23), we note that ρ is non-negative. Hence, the RHS
of (10)—denoted by f̃P (ρ)—is non-negative for all ρ since
U(ρ) = 0 for ρ < 0. Meanwhile, f̃P (ρ) will be a valid PDF

iff
∫ ∞

0

f̃P (ρ)dρ = 1. Deploying (10),

∫ ∞

0

f̃P (ρ)dρ

=
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)PY4(0)
(2ηi)k(k − 1)!

×
∫ ∞

0

ρk−1e
− ρ

2ηi dρ +
∑

r∈M\{0}

2∑
i=1

mi∑
k=1

PY4(r)

× Ξm1m2
η1η2

(i, k)
(m1 − 1)!(m2 − 1)!

∫ ∞

0

2
ρ
G2,0

0,2

(
ρ2

4η1η2r2

∣∣∣∣
−

m1,m2

)
dρ

︸ ︷︷ ︸
I(ρ)

.

(74)

With the aid of [39, eq. (3.381.3)] and for integer k,
∫ ∞

0

ρk−1e
− ρ

2ηi dρ = (2ηi)kΓ(k, 0) = (2ηi)k(k − 1)!. (75)

Letting t = ρ2, dt = 2ρdρ, dρ = dt
2ρ , and

I(ρ) =
∫ ∞

0

1
t
G2,0

0,2

(
t

4η1η2r2

∣∣∣∣
−

m1,m2

)
dt (76a)

(a)
= Γ(m1)Γ(m2)

(b)
= (m1 − 1)!(m2 − 1)!, (76b)

where (a) follows through the aid of [72, eq. (24)] and
(b) follows for the integerness of

{
mi

}2

i=1
.

fZ(z) ≈
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)

[
zk−1e

− z
ηi PY4(0)

ηk
i (k − 1)!

+
∑

r∈M\{0}

2PY4(r)G
2,0
0,2

(
z2

η1η2r2

∣∣∣∣
−

m1,m2

)

z(m1 − 1)!(m2 − 1)!

]
U(z). (72)
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P̄d ≈ 1 − 2e−
λ
2

∞∑
n=u

∞∑
l=0

2∑
i=1

mi∑
k=1

λnΞm1m2
η1η2

(i, k)
2n+2ll!(n + l)!

[
PY4(0)

(2ληi)k(k − 1)!

∫ ∞

0

t2l+2k−1e
− t2(1+ηi)

2ηiλ dt

︸ ︷︷ ︸
I3

+
2

(m1 − 1)!(m2 − 1)!

∑
r∈M\{0}

PY4(r)
∫ ∞

0

t2l−1e−
t2
2λ G2,0

0,2

(
t4

4η1η2λ2r2

∣∣∣∣
−

m1,m2

)
dt

︸ ︷︷ ︸
I4

]
. (82)

Substituting (75) and (76b) into (74) results in

∫ ∞

0

f̃P (ρ)dρ =
2∑

i=1

mi∑
k=1

Ξm1m2
η1η2

(i, k)

×
[
PY4(0) +

∑
r∈M\{0}

PY4(r)
]
. (77)

From a valid gamma distribution-based PDF
defined in (45), Ξm1m2

η1η2
(i, k) satisfies the constraint:∑2

i=1

∑mi

k=1 Ξm1m2
η1η2

(i, k) = 1. As a result,
∫ ∞

0

f̃P (ρ)dρ =
∑
r∈M

PY4(r)
(c)
= 1, (78)

where (c) follows for the sum of a PMF over its support is 1
[65, p. 75]. Therefore, the RHS of fP (ρ) is a valid PDF. �

APPENDIX D
PROOF OF THEOREM 4

Deploying [42, eq. (4.63)] in (11) and employing∫ ∞

0

fP (ρ)dρ =
∫ ∞

0

f̃P (ρ)dρ = 1,

P̄d ≈ 1 − e−
λ
2

∞∑
n=u

λ
n
2

∫ ∞

0

e−
ρ
2 ρ−

n
2 In(

√
ρλ)fP (ρ)dρ. (79)

Supposing t =
√

ρλ, ρ = t2/λ, dρ = 2t
λ dt, and

P̄d≈1−2e−
λ
2

∞∑
n=u

λn−1

∫ ∞

0

e−
t2
2λ t−n+1In(t)fP

(
t2

λ

)
dt. (80)

Substituting the series representation of In(t) [73,
eq. (17.7.1.1-3)] into (80) and simplifying,

P̄d ≈ 1 −
∞∑

n=u

∞∑
l=0

2e−
λ
2 λn−1

2n+2ll!(n + l)!

∫ ∞

0

t2l+1e−
t2
2λ fP

(
t2

λ

)
dt.

(81)

Substituting (10) into (81) results in (82), as shown at the top
of this page. To simplify (82), we let v = t2. Consequently,
dv = 2tdt, dv

2v1/2 = dt, and

I3 =
1
2

∫ ∞

0

vl+k−1e
− v(1+ηi)

2ηiλ dv (83a)

(d)
=

Γ(l + k, 0)
2

(
2ηiλ

1 + ηi

)l+k

(83b)

=
(l + k − 1)!

2

(
2ηiλ

1 + ηi

)l+k

, (83c)

where (d) follows with the aid of [39, eq. (3.381.3)]. Recalling
v = t2, dv = 2tdt and dv

2v1/2 = dt,

I4 =
1
2

∫ ∞

0

vl−1e−
v
2λ G2,0

0,2

(
v2

4η1η2λ2r2

∣∣∣∣
−

m1,m2

)
dv (84a)

(e)
=

22lλl

4
√

π
G2,2

2,2

(
4

η1η2r2

∣∣∣∣
1−l
2 , 2−l

2

m1,m2

)
, (84b)

where (e) follows with the aid of [74, eq. (07.34.21.0088.01)].
Eventually, substituting (83c) and (84b) into (82) and rearrang-
ing render (12). �

APPENDIX E
REMARKS ON THE STATE-OF-THE-ART RFI DETECTORS

The MR detector of [14] relies on a huge number of samples
to invoke the Gaussian approximation which signifies its sub-
optimality in sample starved settings. The authors of [15]
assume the GPS signal to be a real, bandpass, zero mean, and
wide-sense stationary Gaussian process (see [15, Sec. III]);
a hardly practical assumption which underscores the sub-
optimality of the technique. By neglecting the impact of
the GNSS signal, it appears in [7, Appendix A] that the
spectrogram test statistic in the absence of interference exhibits
the central χ2–distribution—employed to derive the FAR
expression—which implicates a sub-optimality whenever the
SNR is greater than zero. The distribution of the DWVD test
statistic in the absence of RFI is approximated via the Gaussian
distribution rendering a sub-optimal detection scheme pro-
posed also by the authors of [7]. Finally, since the transformed-
domain techniques [16], [75] didn’t exploit any explicit test
statistic so as to detect an RFI, they tend to be heuristic and
hence sub-optimal techniques.
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